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We develop, within a near-field thermal radiation framework, a Floquet scattering approach that
establishes a reconfigurable control of the direction of thermal radiation between reservoirs. The
method promotes a connection with Floquet engineering – originally developed in many-body physics
– thus allowing us to design periodically driven photonic circuits and reservoir emission spectra,
which ensure extreme non-reciprocal thermal radiation. We demonstrate the efficiency of the method
by designing compact photonic circulators and rectifiers for thermal emission.
Introduction - Thermal radiation is associated with the
conversion of the thermal motion of particles or quasi-
particles, in matter with some finite temperature, into
electromagnetic emission. Its management, constitutes a
major challenge with both fundamental and technologi-
cal ramifications [1–8]. For example, some of the ongo-
ing investigations aim to establish paradigms that chal-
lenge the fundamental limitations to thermal radiation,
set by Kirchhoff’s emissivity-absorptivity equivalence law
[9–13] and by Planck’s upper bound of thermal emission
[14–17]. Other studies exploit potential applicability of
recent proposals for radiation control to daytime pas-
sive radiative cooling [18–22], radiative cooling of solar
cells [23–25], energy harvesting [26–32], thermal camou-
flage [33, 34] etc. These (and other similar) achievements
would be out of reach without the recent technological
advances occurring in the field of nanophotonics. The
latter allows us to bypass fundamental constraints asso-
ciated with Planck’s and Kirchhoff’s laws by implement-
ing nanostructures with structural characteristics at sub-
wavelength scale where the radiative heat flux is greatly
enhanced as a result of the contribution of tunneling of
evanescent waves. This symbiosis of nanophotonics and
thermal radiation led to the establishment of thermal
photonics which holds promises for novel technologies in
energy harvesting and thermal radiation management.
Among the long-standing problems in thermal radia-
tion management is the quest for novel non-reciprocal
devices, like isolators and circulators, that control the
photon emissivity towards predefined directions. On the
fundamental level, the main difficulty is to invent mech-
anisms that violate time-reversal symmetry [35–38]. In
parallel, the current technological needs impose a num-
ber of limitations on the realization of such directional
valves, including small footprint, reconfigurability, low
cost, small energy consumption etc. Along these lines,
researchers have proposed over the last years passive
schemes that utilize magneto-optical effects [39–41] or
non-linearities [42–44] for controlling the direction of
thermal radiation.
In this paper, we will implement an alternative ap-
proach to directional control of thermal radiation, in-
volving photonic circuits whose constituent parameters
undergo a time-periodic (Floquet) modulation. This
methodology has been proven successful over the last
years for a variety of non-reciprocal classical wave set-
tings, ranging from optics to microwaves and acoustics
[45–48]. Its ramifications, however, in the framework of
thermal radiation management, have only recently start
to be explored. Noticeable examples include the viola-
tion of Kirchhof’s laws [11], and the recent proposals for
thermal radiation pumps [49] and photonic refrigerators
[50]. Here, we develop a Floquet approach within the
framework of near-field thermal radiation [51, 52] that al-
lows us to evaluate the emmited thermal current for any
type of driving using a decimation scheme for the Floquet
Green’s function. The method offers direct access to the
so-called Floquet engineering approach which has been
developed primarily in the field of many-body quantum
physics [53–55] and recently extended to classical wave
transport [56–58]. When implemented in the framework
of thermal radiation management it offers a tool for de-
signing reconfigurable, periodically-driven, photonic cir-
cuits and reservoir emission spectra with extreme non-
reciprocal thermal radiation characteristics, see Fig. 1.
We demonstrate the strengths of this methodology by de-
signing Floquet-based thermal rectifiers and circulators
and confirming their efficiency via realistic electronic cir-
cuit simulations.
Statistical Coupled Mode Theory Modeling – We con-
sider a photonic network of N coupled modes whose cou-
pling is dictated by a time-dependent effective coupled
mode theory (CMT) Hamiltonian H0. The Hamiltonian
matrix is periodically modulated in time i.e. H0(t) =
H0(t +
2pi
Ω ). We furthermore assume that α = 1, · · · ,M
of these modes are connected to reservoirs characterized
by a temperature Tα. At thermal equilibrium the baths
emit photons at a broadband frequency range, with mean
photon number at frequency ω given by the Bose-Einstein
statistics Θα(ω) = {exp [~ω/(kBTα)]− 1}−1. We study
the radiative energy exchange between the various reser-
voirs when they are coupled through the time-modulated
photonic network. The process is modeled by a temporal-
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2FIG. 1: Schematics of proposed Floquet non-reciprocal com-
ponents for near-field thermal radiation: (a) A circulator con-
sisting of three singe-mode micro-resonators placed symmetri-
cally in a loop-like geometry, with one resonator connected to
a reservoir with high temperature TH while the others with
reservoirs at low temperature TC < TH . Appropriate driv-
ing of the (pink) resonators, together with an engineering of
the frequency range of the emission spectrum can lead to an
optimal directed radiative heat current from the hot reser-
voir toward the right cold reservoir. (b) An equivalent circuit
consisting of three capacitively coupled LC resonators. The
resonators are driven by modulating the (pink) capacitances.
Appropriate Floquet design leads to excess energy flux to-
wards one specific reservoir. (c) A modification of the pho-
tonic circuit of subfigure (a) leads to a thermal radiation rec-
tifier. (d) The equivalent electronic circuit taht demonstrate
the same rectification characteristics as the ones predicted by
the CMT.
CMT which takes the form [59]
−id |ψ(t)〉
dt
= Heff |ψ(t)〉 − iDT
∣∣S+(t)〉 ; Heff = H0(t) + iΓ∣∣S−〉 = − ∣∣S+〉+D |ψ〉 (1)
where the modal amplitudes |ψ〉 = (ψ1, · · · , ψN )T are
normalized such that |ψn|2 represents the energy in
the n = 1, · · · , N -th mode. The diagonal matrix
Γnm = (γαδn,α + ˙n(t)) δnm describes the dissipation as-
sociated with the n-th mode. In this respect, ˙n(t) de-
scribes driving-induced non-conservative losses and/or
gain while γα are associated with a dissipation due to cou-
pling of the n−th mode with the reservoir α. From the
fluctuation-dissipation relation we also have that the cou-
pling of the α-th resonator to the corresponding reservoir
is described by the matrix Dn,α =
√
2γαδn,α. Finally,
the complex fields S±α (t) = 〈α|S±(t)〉 =
∫∞
0
S±α (ω)e
iωtdω
indicate the incoming (+) and outgoing (−) thermal ex-
citations from and towards the α-th reservoir. The cor-
responding amplitudes S±α (ω) satisfy the relation〈
[S+α′(ω
′)]∗S+α (ω)
〉
=
~ω
2pi
Θα(ω)δ(ω − ω′)δα,α′ . (2)
Floquet scattering for thermal radiation– The natural
framework for the analysis of the thermal radiation pro-
cess via a periodically modulated circuit, modeled by
Eqs. (1,2), is the Floquet scattering approach. In this
representation we replace the original time-dependent
Hamiltonian Heff(t) by a time-independent one HQ, at
the expense of an enlarged (infinite dimensional) Hilbert-
Floquet (HF) space [53–56, 58]. The basis in this ex-
tended space is |l, α〉 = |α〉e−ılΩt where the integer
l ∈ (−∞, · · · ,∞). The Hamiltonian HQ takes the
form 〈l, α| HˆQ |l′, β〉 = 〈l, α| Hˆ0Q |l′, β〉 − lΩδl,l′δα,β where
〈l, α| Hˆ0Q |l′, β〉 = Ω2pi
∫ 2pi
Ω
0
dte−i(l
′−l)ΩtHeff(t). In the spe-
cial case of sinusoidal drivings, like the one considered
here, HˆQ is a block-tridiagonal matrix, where each block
has the dimension of Heff(t).
In Floquet scattering, an incident excitation S+α (ω) at
frequency ω can change its frequency by ±lΩ and scat-
tered out of the modulated target at a Floquet channel
ωl = ω + lΩ. The associated Floquet scattering matrix
SF , connecting the outgoing to the incoming field ampli-
tudes ~S± = [· · · , |S±(ω+1)〉 , |S±(ω0)〉 , |S±(ω−1)〉 , · · · ]T ,
is evaluated using Eq. (1)
SF = −I − i[D]GF [D]T ; GF =
(
ωI − HˆQ
)−1
(3)
where [D] represents a block diagonal matrix with blocks
D, and GF is the Green’s function associated with the
Floquet Hamiltonian HˆQ. Using Eq. (3) we have calcu-
lated the average energy current
I¯α =
∫
dω
2pi
∑
β
TFα,β(ω) [~ωΘβ(ω)] , (4)
where TFα,β(ω) =
∑
l
(
−δα,βδl,0 +
∣∣∣SFα,β(ωl, ω)∣∣∣2) is the
total transmittance of all incoming waves of frequencies
ωl from the β−th reservoir, which are emitted at fre-
quency ω at reservoir α. A positive value of I¯α indicates
that current flows toward the heat bath. Equations (3,4)
are the main theoretical result of this paper. They allow
us to extend the standard treatment of thermal radiation
to active (e.g. periodically modulated) photonic circuits
while at the same time bridge the fields of thermal radi-
ation and Floquet engineering [56–58].
It is important to emphasize that non-reciprocal trans-
mittances i.e. TFα,β 6= TFβ,α is a necessary condition,
but not sufficient for non-reciprocal thermal radiation
between reservoirs α, β. This statement becomes clear
by direct inspection of Eq. (4) where an additional in-
tegration over frequencies with a weight Θα/β(ω) might
3suppress any non-reciprocal heat flux or even restore reci-
procity. We will show that this deficiency can be cured
successfully when non-reciprocal transmittance is com-
bined with an appropriately engineered emission spec-
trum of the thermal reservoirs. A typical way to achieve
this spectral control in the photonics realm is via pho-
tonic crystal structures that support photonic band -
gaps, or by a coupling of the emitter and the photonic
curcuit via a waveguide with cut-off frequencies etc (for
a review in various methods see e.g. [5–7]). In the case
of electronic circuits the spectral control over the emitter
can be easily arranged via synthesize noise sources.
Let us finally mention that the main difficulty in the
computation of SF in Eq. (3) is the matrix inversion as-
sociated with the evaluation of the Floquet Green’s func-
tion GF . Of course, in simple cases, like a two level Rabi
driving [50], such challenge can be easily bypassed. The
same is true for the limiting case of high modulation fre-
quencies [57, 58], where the implementation of Floquet
engineering schemes provide an elegant way to calculate
GF . In the other limiting case of slow driving, adia-
batic methods [49] can be successfully implemented for
the evaluation of the thermal flux I¯α. In most general
scenarios one needs to consider many Floquet channels
in order to obtain an accurate description of the scatter-
ing process. A way to bypass these difficulties is by em-
ploying a decimation technique borrowed from the field of
molecular electronics [61–63]. By utilizing the block diag-
onal structure of the Hamiltonian in the Floquet-Hilbert
space, a matrix continued fraction expansion [63] allows
the calculation of the Green’s function via an iteration re-
lation connecting blocks n and m (see supplement). This
method utilizes O(N) operations instead of O(N2) re-
quired by the matrix inversion [63] and allow us to deal
with complex driving schemes which are intractable by
any other method.
Floquet Circulators for Thermal Radiation– We im-
plement the above formalism for the design of thermal
radiation circulators. We consider the simplest possi-
ble design associated with three single mode resonators
n = 1, 2, 3, equally coupled with one-another, Fig. 1a.
The first cavity α = 1 is in the proximity of a hot reser-
voir characterized by a temperature Tα=1 = TH . The
other two cavities are coupled to cold reservoirs which
are kept at the same temperature Tα=2,3 = TC < TH .
The effective Hamiltonian matrixH0 that describes the
field dynamics inside the resonators is
H0 =
ω1 k kk ω2 k
k k ω3
 (5)
where k is the coupling constant due to the evanescent
coupling between the resonators and ωn = ω˜0. In the
absence of any modulation, and due to rotational sym-
metry, the system supports two degenerate right and left-
FIG. 2: (a) Radiative current Eq. (4) vs. modulation fre-
quency Ω for driving amplitude δ = 0.05. (Inset) Transmit-
tances T21(ω) and T31(ω) from reservoir 1 toward reservoirs
2 and 3, respectively. The frequency modulation (Ω = 0.05)
of the circuit produces nonreciprocal transport around the
frequencies ω ≈ 0.85ω0. (b) Rectification parameter R as a
function of the modulation amplitude δ and frequency Ω. The
parameters used in all cases are ω˜0 = 0.9, k = 0.05, γ = 0.007
(in units of ω0 = 200 × 1012 rad/s), TH = TC + 10oK =
310oK,TC = 300
oK. Here ˙n(t) = 2ω˙n(t)/ω0. The sharp
drop ofR around Ω ≈ 0.08 is a result of the overlap of the Flo-
quet sidebands with resonant frequencies ωC−Ω ≈ ωL(R)+Ω.
handed modes with frequency ωL(R) = ω˜0 − k while an-
other one is at frequency ωC = ω˜0 + 2k. In this case the
net radiative energy flux towards each cold reservoir is
the same i.e. I¯2 = I¯3.
The situation is different in case of periodic modula-
tions e.g. ωn → ωn(t) = ω˜0+δ×cos(Ωt+ϕα). In this case
the degeneracy of the two lower modes is lifted forming
a Zeeman-like splitting, leading to non-reciprocal trans-
mittances Tα,β 6= Tβ,α between α, β-ports which is pro-
nounced in the neighborhood of the degenerate resonant
ωL(R). Inspired by previous Floquet engineering stud-
ies [58, 64], we expect that the non-reciprocal behavior is
maximized (see inset of Fig. 2a) by an appropriate choice
of the phasors ϕn = (2pi/3)(n− 1).
In Fig. 2(a), we report the total energy currents I¯α
given by Eq. (3). As expected, the currents are symmet-
ric for slow driving Ω → 0, i.e. I¯2 = I¯3 = −I¯1/2 and
a current conservation is satisfied. As the modulation
frequency is increased, a thermal radiation asymmetry
emerges I¯3 > I¯2, demonstrating a preferential direction
of heat current towards one of the two cold baths α = 3,
despite the apparent geometrical symmetry of the pho-
tonic circuit. Furthermore, symmetry considerations al-
low us to conclude that a re-arrangement of the baths
such that T2 = TH while T1 = T3 = TC will lead to a
current circulation towards reservoir α = 1. Similarly, a
permutation T3 = TH with T1 = T2 = TC will lead to a
preferential thermal radiation towards reservoir α = 2. It
turns out that our circuit can reverse the handedness of
the circulation of thermal radiation from CW to CCW by
further increasing the modulation frequency Ω, see Fig.
2a. The same reconfigurable functionality is achieved via
external variation of the modulation frequency Ω→ −Ω.
4We point out that this directional current propagation
is reminiscent of the operation of a circulator- a device
used in microwaves and photonics.
The circulation efficiency of the circuit is summarized
by the rectification parameter R which for the configu-
ration T1 = TH and T2 = T3 = TC takes the form
R = I¯2 − I¯3|I¯2 + I¯3| ∈ [−1, 1] (6)
The extreme values ±1 indicate complete asymmetry in
the heat current, while R = 0 corresponds to symmetric
heat flux. The rectification parameter R is reported in
Fig. 2b as a function of the modulation amplitude δ and
frequency Ω.
Electronic Circuit Implementation - Next, we validate
our theoretical proposal of Floquet circulator for ther-
mal radiation by performing time-domain simulations for
a realistic electronic circuit setup (Fig. 1b) whose de-
sign is performed by mapping its equations of motion
to the CMT effective Hamiltonian Eqs. (5) (see sup-
plement). The circuit consists of three LC resonators,
with identical (and constant) inductances L. Modu-
lation in the resonant frequency of each resonator is
achieved by changing in time their corresponding capaci-
tances in a similar manner as in the CMT example above
i.e Cα(t) = C(1 + δ cos(Ωt + ϕα)). Each (undriven)
resonator supports one resonant mode with frequency
ω0 = 1/
√
LC = 2pi109rad/s, and resonance impedance
z0 =
√
L/C = 70Ohms. The LC elements are capaci-
tively coupled through capacitances Cc = κC.
The time-dependent voltages at the connection nodes
of each resonator vα(t) (see Fig. 1b) are driven by synthe-
sized noise sources attached to transmission lines (TLs)
connected to each nodal point. The TLs are introduced
through their Thevenin equivalent TEM transmission
lines with characteristic impedance Z0 = 50Ohms. They
are coupled to the resonators through small capacitances
Ce = C. The noise sources Vα are synthesized such that
〈Vα′(ω)V ∗α (ω′)〉 = 2Z0pi ~ωΘC(ω)δ(ω − ω′)δα,α′ where the
distribution function is evaluated at its classical limit i.e.
ΘC(ω) = kBT .
The net energy current is evaluated from the time de-
pendent voltages vα(t) and currents iα(t) at the respec-
tive nodes,
I¯α(ω) =
Ω
2pi
∫ t0+ 2piΩ
t0
dt [vα(t, ω)iα(t, ω)] , (7)
where an average over one modulation cycle is assumed.
Moreover, an initial transient t0 has been discarded in
order to ensure steady state conditions. The transmit-
tances TFα,β(ω) (see Fig. 3a ) appearing in Eq. (4) are
obtained from I¯α(ω) in Eq. (7), by setting Vβ′ ≡ 0, with
β′ 6= β, and normalizing incident currents to unit power
flux. A comparison between Figs. 2a (inset) and Figs.
3a indicates that our circuit design follows closely the
FIG. 3: (a) Transmittances as a function of ω showing non-
reciprocal behavior in the frequency range around ω ≈ ω¯0.
The driving frequency is Ω = 0.05, while the green high-
light area describes the emission spectrum when the ther-
mal reservoirs is spectrally engineered. (b) Thermal radia-
tion currents I¯α obtained by integration in ω of I¯α(ω), and
(c) the rectification parameter R vs. the modulation fre-
quency Ω. As Ω increases from zero, the thermal current
towards one of the cold reservoirs becomes larger than the
current towards the other i.e. the circuit behaves as a ther-
mal circulator. Moreover, when the emission spectrum of the
thermal reservoirs is engineered to be around ω∗ – thus fil-
tering out the reciprocal frequency range around ω ≈ 0.95ω0
– the current asymmetry increases. In (b,c) open symbols
indicate the currents/rectification in case of “bare” thermal
reservoirs while filled symbols indicate the data for the case
of engineered emission spectrum with noise correlations given
by Eq. (8) with b = 0.05, ω∗ = 0.85ω0. The parameters
used in the simulations are δ = 0.05, κ = 0.1,  = 0.1, and
TH(C) = (1±∆T0)T0, with ∆T0 = 0.05. [60]
predictions of the CMT. This conclusion is further en-
forced by comparing the energy currents I¯α derived from
CMT with the results of the electronic circuit, reported
as a function of the modulation frequency Ω, in Figs. 2a
and 3b respectively. The latter are obtained via a fre-
quency integration of I¯α(ω) and demonstrate the same
handedness and reconfigurable characteristics as the ones
predicted by CMT.
Spectral Engineering of Thermal Reservoirs –From the
above analysis it is clear that a major drawback in the
performance of the circulator is associated with the recip-
rocal nature of transmittances near ω ≈ ω0 (see inset of
Fig. 2a and Fig. 3a). Such frequency-dependent behav-
ior provides a transport channel of the radiative energy to
dissipate from the hot reservoir to the two cold reservoirs
in a symmetric manner. Therefore, the performance of
the circulatorR could be largely enhanced by engineering
the thermal emission bandwidth, in a way that excludes
this reciprocal frequency range and enforces emission in
the frequency range where non-reciprocity is maximum.
We confirmed the efficiency of this proposal using the
circuit of Fig. 1b where an engineering of the spectrum
of the thermal reservoirs can be easily implemented via
commercially available standard noise sources.
For demonstration purposes, we considered a reservoir
described by the following correlation function
〈Vα′(ω)V ∗α (ω′)〉 =
2Z0
pi
φ(ω)~ωΘC(ω)δ(ω − ω′)δα,α′ (8)
5where φ(ω) = <
{√
1− [(ω − ω∗)/(bω0)]2
}
and ω∗/ω0 ≈
0.85 is the frequency around which the nonreciprocity
in transmittance acquires a maximum value. Repeating
the same analysis as previously we have evaluated the
currents I¯α towards each of the three reservoirs, see full
symbols in Fig. 4b. Obviously, for small values of Ω we
still have a symmetric energy flux to both cold reservoirs.
For larger values of the driving frequency, however, the
data nicely confirm a directional energy flow toward the
α = 2-reservoir. An overview of the rectification effect
is provided by the rectification factor R, see full symbols
in Fig. 4c. In the same subfigure we also report the
rectification factor for thermal reservoirs with φ(ω) = 1.
A three-fold enhancement in R is evident.
Reconfigurable Radiative Thermal Rectifiers – We pro-
ceed with the design of reconfigurable radiative thermal
rectifiers. As before, our methodology is guided by the in-
sight that we gain by engaging Floquet engineering tech-
niques. For example, a simple modification of the circu-
lator of Fig. 1a that involves two driving modes coupled
to two leads, see Fig. 1c, has been shown to produce non-
reciprocal wave transport [58]. The proposed driving pro-
tocol is involving a resonant frequency driving of the type
ωα = ω˜0 − δ0 [cos(Ωt+ φα) + cos(Ωt+ φ0)] for α = 2, 3
combined with a driving of the coupling constant between
these two resonators k → k(t) = k0 + δ0 cos(Ωt + φ0),
while resonator 1 is not driven, ω1 = ω˜0. The associated
phases φ2 = +pi/2, φ3 = −pi/2, and the reference phase
φ0 = 0 have been optimized in a way that the circuit
guarantees maximal transmittance nonreciprocity [58].
For this setup, the associated dissipation terms, Γnm =
(γαδn,α + ˙n(t))δn,m − i(k˙(t)/ω0)(δn,2δm,3 + δn,3δm,2),
where ˙n(t) = 2ω˙n(t)/ω0, γ3 = 0, result in a nondiag-
onal matrix Γ because of the driven coupling.
The proposed photonic circuit is shown in Fig. 1c to-
gether with its electronic analogue, see Fig. 1d. The
latter has been derived using the mapping between the
effective CMT Hamiltonian Eq. (5) and the circuit’s
dynamical equations (see supplement). The proposed
rectifier is a modification of the circulator design that
we have discussed previously. Namely it does not in-
clude the third TL while it involves a driving scheme
Cα(t) = C[1 + δ cos(Ωt + φα)], for the capacitances
α = 2, 3 and an additional driving term associated with
the capacitance Cκ(t) = C[κ + δ cos(Ωt + φ0)] that cou-
pled these two resonators.
In Figs. 4a,b we also show the transmission spectra
for the photonic (CMT) system and its electronic cir-
cuit analogue. These transmittances are in quantitative
agreement with one another. Of course for high modu-
lation frequencies (Ω & 0.05ω0), this agreement is only
qualitative, in agreement with the expectations for the
validity of the mapping between the CMT model and
the actual circuit. There are three resonant modes (like
in the case of the circulator), two of which are degen-
erate, with their degeneracy being lifted by the time-
modulation. In their vicinity (ωL/R ∼ ω˜0 − k ≈ 0.85ω0),
the non-reciprocal behavior of the transmittance acquires
a maximum value. In the spectral vicinity of the third
resonant mode (ωC ∼ ω˜′0 + 2k ≈ 0.95ω0), the trans-
mittance is predominantly reciprocal. We suppress this
reciprocal channel by designing the spectral emissivity of
the baths appropriately, see Eq. (8).
Similar to the analysis of the circulator, we also
identify here a rectification efficiency as R = [I¯(f)2 −
(−I¯(b)2 )]/[I¯(f)2 + (−I¯(b)2 )], where f(b) stands for forward
(backward). The former refers to the arrangement in
Fig 1a where the temperature of thermal reservoirs are
T1 = TH > TC = T2, while the later corresponds to
T1 = TC < TH = T2. The currents are evaluated at a
reference reservoir e.g. α = 2.
In Figs. 4c,d we report the resulting radiation fluxes
for both configurations (i.e. with and without spectrally
engineered reservoirs) versus the driving frequency Ω.
We find that as Ω increases, the proposed circuit acts as
a rectifier. Furthermore, the scheme that involves spec-
trally engineered reservoirs is superior – demonstrating a
thermal refrigeration for driving frequencies Ω ∼ 0.1ω0 ∼
ωC−ωL/R. The design of photonic refrigeration schemes
using Floquet engineering and the conditions for opti-
mal (Carnot limit) refrigeration will be investigated in
another publication. A summary of the rectification ef-
ficiency R versus the driving frequency Ω for both the
CMT predictions and for the exact electronic circuit sim-
ulations are reported in Figs. 4e,f respectively. The effec-
tiveness of the combined Floquet engineered driving and
of reservoir spectral design based on the Floquet CMT
predictions is evident in these figures. Notice that in this
case, the rectification parameter might also exceeds the
value of ±1 indicating the fact that the system operates
in the “refrigeration regime”.
Conclusion.- We have established a connection be-
tween near field thermal radiative transport and Flo-
quet engineering. We have further utilized this relation
in order to design reconfigurable non-reciprocal thermal
radiative components like circulators and rectifiers that
are based on time-modulated compact photonic circuits.
The method exploits the pre-existing knowledge of fre-
quency range where the transmittance acquires maxi-
mal non-reciprocal characteristics by appropriately en-
gineering the emissivity spectrum of the thermal reser-
voirs. The validity of our coupled-mode-theory designs
have been tested via realistic simulations with electronic
circuits. It will be interesting to extend this methodol-
ogy of Floquet engineering to other scenarios, involving
topological matter, efficient refrigeration or paradigms
of photonic circuits that bypass the fundamental con-
straints of thermal radiation principles. These are some
of the questions that are currently under investigation.
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SUPPLEMENTARY MATERIAL
Energy Current and Floquet Scattering Matrix
In this section, our goal is to provide a derivation for
the net average energy current I¯α directed toward a heat
bath α, Eq. (4) of the main text, when a scatterer
connecting thermal reservoirs is periodically driven. We
start by considering the waves |ψ(t)〉 inside the scatterer,
evolving according to the equation
d |ψ(t)〉
dt
= [iH(t)− Γ] |ψ(t)〉+D+ |S+(t)〉 . (9)
The field amplitude |ψ(t)〉 is a result of the excitations
|S+(t)〉 coming from the heat baths connected to the sys-
tem through the (frequency-independent) coupling ma-
trix D. The time dependent Hamiltonian H(t) and the
losses Γ = DD+/2 not only determine the dynamics of
the wave function, but also shape the outgoing scattered
waves
|S−(t)〉 = − |S+(t)〉+D |ψ(t)〉 . (10)
These complex quantities in coupled mode theory are
represented in the frequency domain through their posi-
tive frequency component |f(t)〉 = ∫∞
0
dω |f(ω)〉 eiωt and
|f(ω)〉 = |f(−ω)〉∗ = ∫ +∞−∞ |f(t)〉 e−iωtdt/(2pi);ω > 0
where f is S± or ψ. The effective Hamiltonian, being
periodic in time, results
Heff(t) = Heff(t+
2pi
Ω
) = H(t)+iΓ =
+∞∑
m=−∞
eimΩtH
0,(m)
Q ,
(11)
where Ω is the modulation frequency and H
0,(m)
Q =
Ω
2pi
∫ 2pi/Ω
0
Heff(t)e
−imΩtdt is a NS ×NS matrix, being NS
the number of modes. In what follows, we assume that
Eq. (9) is valid around a resonant frequency ω0, and
|ψ(ω)〉 → 0 when ω  ω0 or ω  ω0 and that Ω  ω0.
In addition, the thermal excitations coming from bath β,
S+β (ω) = 〈β|S+(ω)〉, satisfy the correlation relation〈
[S+β′(ω
′)]∗S+β (ω)
〉
=
Θ˜β(ω)
2pi
δβ′,βδ(ω − ω′), (12)
where Θ˜β(ω) = ~ω[exp(~ω/(kBTβ))− 1]−1 being kB and
Tβ the Boltzmann constant and temperature of reservoir
β, respectively. Therefore, from Eq. (9) we have
ω |ψ(ω)〉 =
∑
m
H
0,(m)
Q |ψ(ω −mΩ)〉 − iDT |S+(ω)〉 .
(13)
We can turn Eq. (13) into a matrix equation in an ex-
tended space(
[ωˆ]− HˆQ
)
~ψ(ωˆ) = −i[D]T ~S+(ωˆ), (14)
9with the definition of the following quantities. The
block matrix HˆQ = H
0
Q − [nΩ], where H0Q and [nΩ]
are block matrices, whose blocks are (H0Q)p,q = H
0,(q−p)
Q
and [nΩ] = diag {· · · ,ΩINS , 0,−ΩINS , · · · }, respectively.
Here, INS is the NS ×NS identity matrix and the nota-
tion [A] represents a block diagonal matrix whose blocks
are AINS . We denote the frequency as ωˆ when its range is
restricted to ωˆ ∈ [ω0−Ω/2, ω0 + Ω/2). Finally, we define
the vectors ~f = [· · · , |f(ω+1)〉 , |f(ω0)〉 , |f(ω−1)〉 , · · · ]T ,
with f being, as before, S± or ψ, and where ωn = ωˆ+nΩ.
Interestingly, Eq. (14) allow us to express the wave
function vector in a physically meaningful form,
~ψ(ωˆ) = −iGF [D]T ~S+(ωˆ), (15)
which evidences that the excitations introduced by the
thermal baths, ~S+(ωˆ), are propagated through the sys-
tem in the extended dimension, and hence scattered to
other frequencies. The propagator,
GF =
(
[ωˆ]− HˆQ
)−1
, (16)
is nothing else than the Green’s function of the extended
space, or also called Floquet Green’s function, which al-
low us to find the outgoing scattered fields for given in-
cident waves ~S+(ωˆ).
The above mentioned outgoing scattered field can be
readily found by using the Fourier transform of Eq. (10)
in the extended space and Eq. (15),
~S−(ωˆ) = −~S+(ωˆ) + [D]~ψ(ωˆ),
=
(−I − i[D]GF [D]T ) ~S+(ωˆ), (17)
where I = [1]. Here, we identify the term inside the
parenthesis as the Floquet Scattering matrix
SF = −I − i[D]GF [D]T , (18)
and this allow us to find the scattered field going out of
the system toward lead α
S−αn(ωˆ) =
∑
β,m
SFαn,βm(ωˆ)S+βm(ωˆ), (19)
where S±β (ωm) = S
±
βm(ωˆ) = 〈β|S±(ωˆ+mΩ)〉. Notice that
the element SFαn,βm(ωˆ) indicates that radiation coming
from lead β at frequency ωm = ωˆ+mΩ leaves the system
toward lead α with frequency ωn = ωˆ + nΩ. Then, in
order to highlight the incident and outgoing frequencies,
we will also use the notation SFα,β(ωn, ωm) ≡ SFαn,βm(ωˆ).
The net average energy current going out of the system
toward the reservoir α is
I¯outα =
Ω
2pi
∫ 2pi/Ω
0
dt
〈|S−α (t)|2〉 , (20)
where the outgoing field in the frequency domain can be
written as
S−α (t) =
∑
n
∫ ω0+ Ω2
ω0−Ω2
S−αn(ωˆ)e
i(ωˆ+nΩ)tdωˆ. (21)
Introducing Eq. (21) into Eq. (20) leads us to evaluate
the correlation for the outgoing scattered fields, which
read〈(
S−αn(ωˆ)
)∗
S−αn′(ωˆ′)
〉
=
∑
β,m
(SFαn,βm(ωˆ))∗ SFαn′,βm(ωˆ)×
× Θ˜β(ωˆ +mΩ)
2pi
δ(ωˆ − ωˆ′). (22)
Here we have used Eqs. (19), (21), and the correlation
relations for the incident radiation〈(
S+βm(ωˆ)
)∗
S+β′m′(ωˆ
′)
〉
=
Θ˜β(ωˆ +mΩ)
2pi
δβ,β′δm,m′δ(ωˆ−ωˆ′),
(23)
which follow from the properties of the thermal reser-
voirs, Eq. (12). Therefore, we obtain
I¯outα =
∑
n
∫ ω0+ Ω2
ω0−Ω2
dωˆ
2pi
∑
β,m
∣∣SFαn,βm(ωˆ)∣∣2 Θ˜β(ωˆ +mΩ)
=
∫ ∞
0
dω
2pi
∑
β,m
∣∣SFα,β(ω, ωm)∣∣2 Θ˜β(ωm) (24)
where we have used Ω2pi
∫ 2pi/Ω
0
dtei(n
′−n)Ωt = δn′,n. Notice
that in Eq. (24) we have restored the integration over
the whole frequency range by using the incident-outgoing
frequency notation for SF .
Finally, we can evaluate the net average energy current
going toward reservoir α
I¯α = −I¯inα + I¯outα , (25)
where the incident energy current I¯inα =
Ω
2pi
∫ 2pi/Ω
0
dt
〈|S+α (t)|2〉 = ∫∞0 dω2pi Θ˜α(ω). Finally, us-
ing Eq. (24) and shifting ωm → ω, we obtain
I¯α =
∫ ∞
0
dω
2pi
∑
βn
[
−δβ,αδn,0 +
∣∣SFαβ(ωn, ω)∣∣2 Θ˜β(ω), ]
(26)
which demonstrates Eq. (4) of the main text. Notice
that, I¯α is defined as positive when the current is going
toward the reservoir α.
Decimation Procedures, Effective Hamiltonians, and
Green’s Functions
The calculation of the Floquet Scattering matrix SF
involves the Green’s funtion matrix GF = ([ω]− HˆQ)−1.
The difficulty in the evaluation of GF is the inversion of
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the matrix ([ω]− HˆQ), whose rank is in principle infinite
involving all Floquet channels n ∈ (−∞,+∞). Approxi-
mate results can be obtained through truncations of the
Floquet space to n ∈ [−NF , NF ], where reliable results
require NF to be large, slowing down the calculation.
Floquet Hamiltonians HˆQ have typically a block struc-
ture. In particular, for simple driving schemes (few har-
monics in the Fourier expansion of the effective Hamil-
tonian) HˆQ is block tridiagonal and thus several non-
diagonal blocks are zeros. Here, we take advantage of
this structure and we perform efficient calculation of GF
by means of the decimation procedures, inspired in the
renormalization group techniques of statistical mechan-
ics [61], and widely utilized in Condensed Matter [63] and
Molecular Electronics [62]. Here we will show the basics
of this technique, and we parallel the approach given in
Refs. [62, 63].
The decimation procedures recursively reduce a gen-
eral N × N Hamiltonian into another of lower rank by
decreasing the number of degrees of freedom, without al-
tering its physical properties. For instructive purposes,
let us consider a block tridiagonal Hamiltonian H such
that it satisfies the equation ω − E1 −V12 O−V21 ω − E2 −V23
O −V32 ω − E3
 ~u1~u2
~u3
 = [ω −H] ~u = ~0,
(27)
where the corresponding identity matrices multiplying ω
are implicit. From the middle (block) equation, we can
isolate ~u2 and decimate it, leading to the equations[
ω − E1 −V13
−V31 ω − E3
](
~u1
~u3
)
= [ω −Heff.]~u = 0. (28)
Here, the blocks have been renormalized hiding the non-
linear dependence on ω:
E1 = E1 + Σ1(ω) = E1 + V12 (ω − E2)−1V21,
E3 = E3 + Σ3(ω) = E3 + V32 (ω − E2)−1V23,
V13 = V12
1
ω − E2V23; V31 = V32
1
ω − E2V21.(29)
The terms Σj(ω), known as self-energies, account for the
frequency (energy) shifts due to the coupling with the
decimated state. Notice that now, there are effective cou-
pling elements V13(31) between blocks 1 and 3 accounting
for the interaction of those blocks mediated by the dec-
imated block 2. Importantly, the nonlinear dependence
on ω codifies all information on the steady state scatter-
ing as well as on the dynamics. For instance, equation
28 gives the exact spectrum of the whole system.
Now, let us come back to eq. 27 and decimate block 3
and then 2. According to eq. 29, now we have only block
1, which is renormalized as
E˜1 = E1 + Σ(3)1 (ω)
= E1 + V12
(
ω − E2 − Σ(3)2
)−1
V21 (30)
= E1 + V12
[
ω − E2 − V23(ω − E3)−1V32
]−1V21
Here, we have introduced the notation Σ
(m)
n to indicate
the correction to block n due to the decimation of all
blocks between n and m, with m included. We highlight
that the order of the decimation protocol does not affect
Σ
(m)
n , which is obtained as “matrix continued fractions”
[63].
The recursive structure of the self-energy Σ
(m)
n , e.g.
as shown in eq. 30, can be used to efficiently reduce
Hamiltonians of arbitrary dimensions. In particular, the
Floquet Hamiltonian can be decimated into two blocks,
with labels n and m, resulting in
E˜n = En + Σ(1)n + Σ(m)n
E˜m = Em + Σ(N)m + Σ(n)m
V˜n,m = V˜n,m−1(ω − Em − Σ(n)m )−1Vm−1,m (31)
where
Σ(m)n =
[
Vn,n+1
(
ω − En+1 − Σ(m)n+1
)−1]
Vn+1,n
Σ(n)m =
[
Vm,m−1
(
ω − Em−1 − Σ(n)m−1
)−1]
Vm−1,m(32)
for m > n. We have assumed block tridiagonal matrices,
but the procedure can be straightforwardly generalized.
Now, utilizing this procedure, we can address our ini-
tial question by obtaining the block element of the total
Green’s function connecting blocks n and m from[
Gnn Gnm
Gmn Gmm
]
=
[
ω − E˜n −V˜nm
−V˜mn ω − E˜m
]−1
. (33)
The inversion of the matrix can be performed resorting
to the block-inversion matrix[
A B
C D
]−1
= (34)
=
[
(A− BD−1C)−1 −(A− BD−1C)−1BD−1
−(D− CA−1B)−1CA−1 (D− CA−1B)−1
]
,
which requires the existence of the inverses of matrices
D, A, (D − CA−1B), and (A − BD−1C). In our case, all
of them exist. Therefore we have,
Gnn =
[
(ω − En)− Σ(1)n − Σ(N)n
]−1
,
Gmm =
[
(ω − Em)− Σ(1)m − Σ(N)m
]−1
,
Gnm = Gnn
[
V˜nm(ω − E˜m)−1
]
,
Gmn = Gmm
[
V˜mn(ω − E˜n)−1
]
.
(35)
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These equations allow the calculation of the Green’s func-
tions avoiding the inversion of the full Floquet Hamilto-
nian matrix. In eq. 35 the recursive nature of the decima-
tion procedure requires O(N) self energies Σ(1)n and Σ(N)n
for the diagonal elements of GF . For the non diagonal
elements, it is possible to use the self energies already
calculated for the diagonal ones, highly improving the
performance of the method.[63]
Coupled mode theory description of the electrical
circuits
We construct a CMT description for the electrical cir-
cuit as shown in Fig. 1(b). As a first step, we ana-
lyze a LC resonator using a complex mode amplitude
ψ. Specifically, we define the mode amplitude ψ (t) to
be ψ (t) ≡ √C/2 [v (t) + v˙ (t) /(jω0)] in terms of the
node voltage v (t) and its time derivative v˙ (t), where
ω0 = 1/
√
LC is the resonant (angular) frequency of
the LC resonator. The definition of the mode ampli-
tude ψ allows us to rewrite the circuit equation, i.e.,
d2v(t)
dt2 + ω
2
0v (t) = 0, equivalently as the first-order dif-
ferential equation ddtψ (t) = jω0ψ (t) or its complex con-
jugate. At the same time, the mode amplitude ψ is
normalized such that |ψ|2 represents the energy stored
in the resonator. Notice that the full degree of free-
dom i.e., v (t) and v˙ (t), required to specify the circuits
completely at each time, is maintained in the complex-
mode description, since they can be expressed, using the
definition of the amplitude ψ (t) and its complex conju-
gate ψ∗ (t), as v (t) = 1√
2C
[ψ (t) + ψ∗ (t)] and v˙ (t) =
jω0
1√
2C
[ψ (t)− ψ∗ (t)]. Nevertheless, when describing
the dynamics of circuits, the amplitude ψ (t) and its com-
plex conjugate ψ∗ (t) are generally not decoupled with
each other as seen below.
We proceed to describe the coupling between two
(identical) LC resonators under the complex-mode de-
scription. As considered in Fig. 1(b), the coupling be-
tween the resonators is enabled by the capacitor Cc =
κC. According to Kirchhoff’s laws, the circuit equations
describing the coupled LC resonators simply read
(1 + κ)
d2v1
dt2
− κd
2v2
dt2
+ ω20v1 = 0, (36)
(1 + κ)
d2v2
dt2
− κd
2v1
dt2
+ ω20v2 = 0 (37)
where vn, n = 1, 2 are the node voltages of each resonator.
Using the complex-mode representation ψn for each res-
onator n, we can rewrite the circuit equations Eq. (36)
and (37) as
dψ1
dt
≈ jω0ψ1 − jω0
2
κ (ψ1 − ψ2 + ψ∗1 − ψ∗2) (38)
dψ2
dt
≈ jω0ψ2 − jω0
2
κ (ψ2 − ψ1 + ψ∗2 − ψ∗1) (39)
when assuming κ→ 0. Furthermore, under the rotating-
wave approximation enabled by the weak coupling κ →
0, we can simplify the Eqs. (38) and (39) further by
decoupling ψn with their complex conjugates ψ
∗
n to get a
coupled mode form
dψ1
dt
≈ jω0
(
1− 1
2
κ
)
ψ1 +
jω0
2
κψ2 (40)
dψ2
dt
≈ jω0
2
κψ1 + jω0
(
1− 1
2
κ
)
ψ2. (41)
Clearly, the capacitive coupling Cc = κC shifts the reso-
nant frequency of each resonators in addition to coupling
the two resonators.
The effects of the external capacitive coupling Ce = C
between a transmission line (TL) and a LC resonator can
be examined similarly. Before that, we need to define the
complex wave amplitude S± for the incoming/outgoing
wave flowing through the TL. Along the TL, the volt-
age v (z, t) and current i (z, t) can be written in terms of
the superposition of incoming and outgoing voltage waves
v+ (z, t) and v− (z, t) as v (z, t) = v+ (z, t) + v− (z, t) and
i (z, t) = i+ (z, t) + i− (z, t) = v+ (z, t) /Z0−v− (z, t) /Z0,
where Z0 is the characteristic impedance of TL. In turn,
the real voltage waves v± (z, t) can be separated into the
complex wave amplitude S± (z, t) and its complex con-
jugate as v± (z, t) =
√
Z0
2
[
S± (z, t) + S± (z, t)∗
]
. We
assume that S± (z, t) = S˜± (z, t) ejω0t with a slow enve-
lope S˜± (z, t) such that ∂S
±
∂t ≈ jω0S±. Correspondingly,
the time-averaged incoming and outgoing power with re-
spect to the period 2pi/ω0, i.e., P
± = 〈v±i±〉, are simply
± |S±|2, benefiting from the proper normalization fac-
tor in the definition of wave amplitudes. From now on,
we will use S± (t) to represent the incoming and outgo-
ing wave amplitude at the ending position z = 0 of the
TL, where the external coupling capacitor Ce is attached.
The set of circuit equations accounting for the coupling
between the TL and the LC resonator are
i (0, t) = Ce
d
dt
[v (0, t)− v] (42)
di (0, t)
dt
= C
d2v
dt2
+
v
L
(43)
where v is the node voltage of the LC resonator. Assum-
ing that Z0 ∼ O (z0) with z0 ≡
√
L/C and → 0 for the
weak coupling, we can use the complex mode amplitude
ψ of the resonator and the input/output wave amplitude
S± to reformulate Eqs. (42) and (43) as
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S− ≈ S+ + j√ω0rψ (44)
dψ
dt
≈ jω0
(
1− 1
2

)
ψ − 1
2
ω0rε
2ψ + j
√
ω0rS
+ (45)
where r = Z0/z0 ∼ O (1), and the rotating-wave ap-
proximation enabled by the weak-coupling assumption is
employed in the derivation.
Finally, we study the effect of a small driving on the
dynamics of the LC resonator. Specifically, we consider
a driven capacitor with the time-dependent capacitance
C (t) = C [1 + δ (t)] with δ (t+ 2pi/Ω) = δ (t). Under
the weak and slow driving assumptions such that δ (t)→
0 and Ω/ω0 → 0, we can rewrite the circuit equation
v/L+ ddt [C (t) v] = 0 using the complex mode amplitude
ψ (t) as
dψ
dt
≈
[
j
(
1− 1
2
δ
)
ω0 − δ˙
]
ψ (46)
Therefore, the driving could introduce effective gain/loss
to the system in addition to modifying the resonant fre-
quency.
In the weak coupling limit, above mechanisms can
be superimposed on top of each other independently
ignoring higher-order effects. For example, using this
rule we can write down directly the CME for the cir-
cuits as shown in Fig. 1(b), where we set Cn (t) =
C [1 + δn (t)] ,n=1,2,3. Explicitly, using the complex
mode amplitudes of each resonator 〈n |ψ〉 = ψn and the
input/output wave amplitudes 〈n |S±〉 = S±n , we have
d
dt
|ψ〉 = [jH0 (t)− Γ] |ψ〉+ jDT
∣∣S+〉 (47)∣∣S−〉 = ∣∣S+〉+ jD |ψ〉 (48)
where
H0 (t) = ω0
w − 12δ1 κ/2 κ/2κ/2 w − 1
2
δ2 κ/2
κ/2 κ/2 w − 1
2
δ3

with w = 1− κ− 1
2
,
Γ = 1
2
D†D+
δ˙1 0 00 δ˙2 0
0 0 δ˙3
 and D =
√ω0r 0 00 √ω0r 0
0 0
√
ω0r
.
Note that the precise form of the CMT used in the main text
can be obtained by simply letting
∣∣S±〉 → ∓j ∣∣S±〉, i.e., a
proper redefinition of phase factors.
